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Analysis of Equilibrium PSA Performance with an Analytical Solution
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Abstract. Five-step PSA cycles consisting of pressurization with product, adsorption, co-current depressurization,
blowdown, and purge steps have been analyzed with equilibrium model assuming uncoupled linear isotherms and
isothermal condition. Unlike the previous models, the proposed model is not restricted to the operating conditions
that ensure a complete shock transition of concentration profile at the end of the high pressure adsorption step.
The operating conditions could have two classifications: one is utilizing the column completely before blowdown,
and the other is not. As the selectivity increases, it is more difficult to utilize the column completely before the
blowdown step. There is an optimum co-current depressurization pressure which maximizes the recovery at the
given extent of purge. The optimum co-current depressurization pressure decreases as the purge quantity decreases.
On the less selective adsorbent, the recovery at the optimum co-current depressurization pressure increases with the
decrease of purge quantity without much sacrifice of the throughput. But, on the highly selective adsorbent, there is
an extent of purge and corresponding value of cocurrent depressurization pressure below which the recovery is not
greatly improved while the throughput decreases rapidly, which limits the number of pressure equalization steps
can be included.

Keywords: pressure swing adsorption, equilibrium model, analytical solution, optimum co-current depressuri-
zation pressure

1. Introduction

Pressure swing adsorption (PSA) is used in many in-
dustrial applications ranging from the separation of a
gaseous mixture into its components to the purifica-
tion of an inert carrier gas by the elimination of im-
purities. A PSA process usually involves a series of
adsorption beds, each executing the same sequence of
operations but shifted in phase. The basic operations
that are performed on each bed include pressurization,
high pressure adsorption, blowdown, and purge. In
addition to the basic operations, pressure equalization
steps are often involved in multi-bed PSA processes.

∗Present address: Korea Institute of Energy Research, A1-2 Jang-
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The performance of a PSA process is determined by
operating conditions of all of these involved steps in a
complicated manner. For the PSA process based on the
different equilibrium selectivities of the components
in the gas mixture, the solution derived by the local
equilibrium model can predict the PSA performance
relatively easily.

The first equilibrium model for the ideal dilute sys-
tem was developed by Shendalam and Mitchell (1972).
Fernandez and Kenney (1983) later extended the the-
ory to the separation of bulk binary mixture with linear
isotherms and paid particular attention to the pressur-
ization, but resorted to numerical integration of the rel-
evant equations. Analytical solutions to the equations
governing PSA processes for an arbitrary feed com-
position were subsequently developed (Knaebel and
Hill, 1985) for complete purge and uncoupled linear
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isotherms. They have proved that pressurization with
product (a backfill step) gives better light component
recovery than pressurization with the feed mixture. A
complete purge is not always necessary when a large
fraction of the feed mixture is the heavy component.
The effect of incomplete purge has been treated by the
studies of Matz and Knaebel (1988). They concluded
that incomplete purge gives better light component re-
covery, not identifying the optimum purge condition
by a general formula. The optimum purge condition
has been investigated by Rousar and Ditl (1993). In
their analysis, the column was assumed to be saturated
with feed composition at the end of the high pressure
adsorption step, which could only be true for some spe-
cial cycles. The process cycles considered by the above
models were four-step PSA cycles including only the
basic operations.

The first analysis of the PSA process including the
co-current depressurization step has been made by Suh
and Wankat (1989). They reported that there is an opti-
mum co-current depressurization pressure which max-
imizes the light product recovery. Bossy et al. (1992)
also mentioned the existence of optimum co-current
depressurization pressure even when the isotherm is
nonlinear. Both of them assumed that a bed was com-
pletely regenerated after the purge step. Consequently,
they could not understand the relation between opti-
mum co-current depressurization pressure and incom-
plete purge.

More general PSA cycles which accommodate in-
complete purge and co-current depressurization have
been analyzed by Chiang (1995). He discussed the
optimal purge and feed amount which maximize
the recovery. Subsequently, he compared several
cycle schemes in terms of light component recovery
and throughput, and gave an explicit expression bet-
ween optimum feed and purge amount (Chiang, 1996).
He assumed that a complete shock formed at the end
of the high pressure adsorption step. Thus, the result is
limited to the separation of bulk binary mixture by the
less selective adsorbent. For the highly selective adsor-
bent, formation of a complete shock at the end of the
high pressure adsorption step is guaranteed when the
purge amount is large or feed composition of the heavy
component is high, which is not always satisfied in the
practical PSA processes.

In this study, the performance characteristics of the
five-step PSA cycles will be investigated in a broader
range of operating conditions than that of the prior mod-
els treated, relaxing the assumption that a complete
shock forms at the end of the high pressure adsorption
step. Since both the incomplete purge and co-current

depressurization steps can enhance the light compo-
nent recovery, we will examine the effect of these steps
on the process performance.

2. Mathematical Model

The mathematical model employed here is basically
the same as that proposed by Knaebel and Hill (1985)
and Chiang (1996). The notation and relevant equa-
tions of their works have been kept unchanged as much
as possible to facilitate discussion. The mathematical
model is based on the following assumptions: local
equilibrium is established, the temperature is constant,
axial dispersion is negligible, plug flow conditions are
assumed, pressure drop along the column is negligi-
ble and gas behavior is ideal. The material balance for
component A and the total material balance in a binary
mixture can be expressed as follows:

ε

(
∂pA

∂t
+ ∂upA

∂z

)
+ RT(1− ε)∂nA

∂t
= 0 (1)

ε

(
∂P

∂t
+ ∂uP

∂z

)
+ RT(1− ε)∂n

∂t
= 0 (2)

Where pA is the partial pressure of the stronger ad-
sorbed component A.P is the total pressure,u is the
interstitial velocity, ε is the interstitial bed voidage,
nA is the mole of A adsorbed per unit adsorbent vol-
ume, andn represents the total moles adsorbed per unit
adsorbent volume. When the isotherms of both compo-
nents are linear, the adsorbed amount is expressed as

n = nA + nB = (kA pA + kB pB)/RT (3)

After the elimination of∂u/∂z, these material bal-
ances can be cast into two ordinary differential equa-
tions using the method of characteristics:

dz

dt
= βAu

1+ (β − 1)y
(4)

dy

dP
= (β − 1)(1− y)y

[1+ (β − 1)y] P
(5)

βA = 1/[1+ (1− ε)kA/ε], β =βA/βB (6)

wherey is the mole fraction of component A. Equation
(4) defines characteristic trajectories inz-t plane and
Eq. (5) defines the composition change along the cor-
responding characteristic trajectories according to the
pressure. SinceβA < βB, β is always less than 1. The
small value ofβ means that the selectivity is high. To
solve for the interstitial velocity in the column, one can
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eliminate the term∂y/∂t from the initial system of the
equations, and integrate over the length of the column.
Closed solution can be obtained under two conditions:

(a) If u = 0 atz= 0

u = −z

βB[1+ (β − 1)y]

1

P

dP

dt
(7)

(b) If dP/dt = 0

u1

u2
= 1+ (β − 1)y2

1+ (β − 1)y1
(8)

The subscripts 1 and 2 represent the different posi-
tions within the column. The above solution is correct
when the concentration profile in the bed is continu-
ous. Since the characteristic velocity depends on the
composition, the concentration profile may converge
or diverge. When the characteristic velocity of the rear
of the concentration profile is higher than that of the
front, a shock wave develops in the column. If a shock
wave forms, the moving velocity of this shock wave is

(a) If dP/dt 6= 0
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(b) If dP/dt = 0
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= βAu1
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where subscripts 1 and 2 represent the rear and front of
a shock.

3. Cycle Analysis

The PSA cycle considered is a single column five-step
PSA cycle. It consists of: (i) pressurization with prod-
uct (backfill step), (ii) high pressure adsorption, (iii)
co-current depressurization, (iv) countercurrent blow-
down, and (v) the purge steps. The feed pressurization
step is excluded because it reduces the light component
recovery (Knaebel and Hill, 1985). It is assumed that

only the pure light component is produced in this cycle.
The five-step PSA process could be used to investigate
the characteristics of a multi-bed PSA process. The
co-current depressurization step can simulate the pres-
sure equalization step and the step providing purge gas
in the multi-bed H2 purification process (Yang, 1987).
It should be pointed out that the co-current depressuri-
zation pressure can be freely set in the single column
PSA process, but it is restricted by both the num-
ber of pressure equalization steps and the extent of
purge in the multi-bed PSA process. If a co-current de-
pressurization pressure is specified, it always could be
achieved in the multi-bed PSA process by adjusting the
number of pressure equalization steps and the extent of
purge when the effluent of the co-current depressur-
ization step is used to purge the other column (Chiang,
1988). In this regards, to specify the co-current depres-
surization pressure is the first step to design or schedule
a multi-bed PSA process.

3.1. Blowdown from PM to PL

We begin the analysis from the blowdown step with
an assumption that a column is in a uniform gas phase
composition ofyM at a pressurePM after the co-current
depressurization step. The assumption is valid in lim-
ited operating conditions. If the regeneration is insuffi-
cient, the heavy component breaks through the column
at the co-current depressurization step before the con-
centration profile of it develops to a complete shock.
This case will be treated later. If the column has a
uniform gas phase composition before the blowdown
step, the final gas phase composition at the end of the
blowdown step also has a uniform composition. The
composition of heavy component can be obtained by
integrating Eq. (5).

yb

yM
=
(

1− yb

1− yM

)β
9

1−β
M (11)

theyM and9M will be identified when a complete anal-
ysis of the cycle is made.

3.2. Product Purge at PL

The amount of pure component B needed to purge the
column completely is justφ. Following the prior works
(Knaebel and Hill, 1985; Chiang, 1996), we will let the
actual purge quantity be

NPU = X · φ (12)
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where X is called as the extent of purge. The di-
mensionless variables such asφ, 9 are the same as
defined by Knaebel and Hill (1985). The composi-
tion of y= 0 will be located atL(1− X) at the end
of the purge step. The minimum extent of purge which
pushes the compositon ofy = 0 out of the feed end
is Xmin = [1 + (β − 1)yb]2 when the concentration
profile after the blowdown step is uniform (Chiang,
1996). If the concentration profile after the blowdown
step is not uniform, the minimum extent of purge would
be smaller than the value given by the above equation.
Even though it is possible to operate a process below the
minimum extent of purge at some combination of oper-
ating conditions, our analysis will be performed in the
rangeX ≥ [1+(β−1)yb]2 for simplicity, which is suf-
ficient to investigate the characteristics of the five-step
PSA cycle often encountered in practice. The moles of
component A that remains in the column after purge,
φWA, is (Chiang, 1996).

φWA = φ(1−√X)2

1− β (13)

3.3. Backfill Step

The amount of product gas needed to pressurize a col-
umn fromPL to pressurePH is

NBF = φβ(9H − 1) (14)

The displacement of characteristics during the pressure
changing step is given by

d ln z

d ln P
= −β

[1+ (β − 1)y]2
(15)

So, the position of the compositiony= 0 after the back-
fill step is

z|y=0 = L(1− X)9−βH (16)

3.4. High Pressure Adsorption and Co-Current
Depressurization Steps

We will let the amount of feed introduced during the
high pressure adsorption step be

NH = α9Hφ (17)

Figure 1. The movement of concentration wave and the characteris-
tic paths during high pressure adsorption step whenYS ≤ 1.

αmeans the fractional utilization of the adsorption col-
umn. Only if the column is regenerated completely at
the end of purge step,α could be 1. The corresponding
amount of light component produced is shown as

NHP = α9Hφ[1+ (β − 1)yf ] (18)

During the high pressure adsorption step, a concentra-
tion shock develops in the column. Figure 1 schemat-
ically shows the concentration wave movement and
characteristic paths during this step. As the amount
of feed increases, a complete shock betweeny = 0
and yf appears. The amount of feed,αS, at which a
complete shock develops first can be found from ma-
terial balance for component A and the position of
y = 0 with amount of feed introduced (Chiang, 1996).
Denoting the position where a complete shock forms
first asYSL, the material balance for component A and
the position of composition ofy= 0 are represented as

YSφ9Hyf = φWA + φ9Hyf α (19)

z|y=0 = L
[
(1− X)9−βH + (1+ (β − 1)yf)α

]
(20)

Denoting the fractional utilization of a bed when a com-
plete shock develops asαS,αS can be found in Eqs. (19)
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and (20).

αS = (1− X)91−β
H yf (1− β)− (1−

√
X)2

(1− β)2y2
f9H

(21)

and the corresponding position of a complete shock is
obtained from Eq. (19) by substituting Eq. (21) forα.
If YS > 1, a complete shock never forms at the high
pressure adsorption step. On the other hand, ifYS ≤ 1,
a complete shock develops in the column at the high
pressure adsorption step atα ≥ αS. The value ofYS

is determined by the extent of purge at the given values
of yf , β, and9H. Thus, the extent of purge determines
whether a complete shock develops at the high pressure
adsorption step at the given values ofyf , β, and9H. A
critical extent of purge,Xc, could be defined as a mini-
mum extent of purge which ensures a complete shock at
the high pressure adsorption step. Although the extent
of purge is sufficient to give a complete shock concen-
tration profile at the high pressure adsorption step, it is
fulfilled when the fractional utilization of the column
exceedsαS as shown in Fig. 1. All the analytical so-
lutions obtained so far have assumed that the concen-
tration profile had a complete shock transition at the
end of the high pressure adsorption step. Thus, prior
models can predict the performance of PSA cycles only
when the extent of purge and fractional utilization of a
column are not less thanXc andαS, respectively. But,
in the practical process, they are not always satisfied.
As the selectivity becomes better, the critical extent of
purge increases. Thus, to satisfy the conditionX ≥ Xc,
too large quantity of product has to be consumed as
purge gas. Although the condition,X ≥ Xc, is satis-
fied by introducing a lot of purge gas, the concentration
profile may not have a complete shock transition at the
end of the high pressure adsorption step if one reduces
the amount of feed introduced during the high pres-
sure adsorption step in order to increase the moles of
the light component produced at the co-current depres-
surization step and reduce the blowdown loss. When
the extent of purge isXc, a complete shock first forms
at the product end during the high pressure adsorption
step. Therefore, the light component cannot be pro-
duced during the co-current depressurization step and
consequently the blowdown loss is significant if one ad-
heres to a complete shock concentration profile at the
high pressure adsorption step. But, if one reduces the
amount of feed, one can diminish the blowdown loss
of the light component since the co-current depressur-
ization step can be conducted. Even when the extent of

purge is larger thanXc, the amount of light component
produced during the co-current depressurization step
is limited if one adheres to a complete shock concen-
tration profile at the high pressure adsorption step. In
order to recover more light component at the co-current
depressurization step and reduce the blowdown loss,
the amount of feed introduced during the high pressure
adsorption step has to be adjusted so that the heavy
component does not break through the column with
the decrease of pressure, even though that makes the
concentration profile non-uniform at the end of the high
pressure adsorption step.

The movement of the concentration wave and the
characteristic paths during the co-current depressuri-
zation are schematically shown in Fig. 2 when the con-
centration profile does not develop to a complete shock
at the end of the high pressure adsorption step. In the
course of depressurizing co-currently, the initial dis-
continuous concentration profile never disappears and
overtakes the advance wave front, and eventually de-
velops to a complete shock as shown in Fig. 2. If a
complete shock forms during the co-current depressuri-
zation step, one can find the location and pressure to
make the concentration profile has a complete shock
by using the material balance for component A and
the position of compositiony= 0 with the decrease of
pressure. When a complete shock forms, the material

Figure 2. The schematic diagram representing the movement of
concentration wave and the characteristic paths during co-current
depressurization whenα < αS, YI ≤ 1.
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balance for component A gives

YIφ9I yI = φWA + φ9Hyf α (22)

whereYI is the dimensionless position at which com-
plete shock forms during the co-current depressuriza-
tion step. The displacement ofy = 0 in the course of
depressurizing the column is obtained by integrating
Eq. (15)

z|y=0 = L
[
(1− X)9−βH + (1+ (β − 1)yf)α

]( 9I

9H

)−β
(23)

During the pressure changing step, the concentration
and the pressure are governed by Eq. (5). Integrating
it gives,

9
β−1
I =

(
yI

yf

)(
1− yI

1− yf

)−β
9
β−1
H (24)

Figure 3. Five cases of concentration profile which arise at the end of high pressure adsorption and co-current depressurization steps.

Inserting Eqs. (23) and (24) to Eq. (22) gives

(1− yI)
β = WA +9Hαyf

(1− X)+ (1+ (β − 1)yf)9
β

Hα

× (1− yf)
β

yf
9
β−1
H (25)

From Eqs. (22), (24), and (25), the position where a
complete shock first forms during co-current depres-
surization can be determined. IfYI is larger than 1,
a complete shock never appears during the co-current
depressurization step. On the other hand, ifYI ≤ 1, a
complete shock appears in the column during the co-
current depressurization step.

All the concentration profiles appearing at the high
pressure adsorption and the co-current depressurization
steps could be classified into 5 cases as shown in Fig. 3
according to the value ofYS andYI . A complete shock
forms at the high pressure adsorption step if a sufficient
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amount of feed is introduced in Cases I, II, and III, but,
not in Cases IV and V. In Cases II and IV, a complete
shock first appears during the co-current depressuriza-
tion step. Cases III and V never have a complete shock
during the cycle, which does not meet the assumption:
the uniform concentration profile before the blowdown
step. For the individual case, the moles of light compo-
nent produced during the co-current depressurization
step is as follows

NCD = φβ(9H −9M) (26)

By deciding the pressure to which the total pressure
could be reduced without a breakthrough of the heavy
component, we can get the expression for the perfor-
mance of the five-step PSA cycle.

Case I.A complete shock forms after the high pressure
adsorption step and this is the case considered by
Chiang (1996). This occurs whenαS ≤ α ≤ 1−
WA/9Hyf andX ≥ Xc. The dimensionless position
of the complete shock, Y, after the high pressure
adsorption step could be obtained from the material
balance for component A.

Y = α +WA/9Hyf (27)

At the subsequent co-current depressurization step,
the shock never disappears and moves to product
end. When the shock arrives at the product end, the
co-current depressurization step should be stopped
to recover the pure light component. From the mate-
rial balance for component A, we have the following
relation

9M

9H
= Yyf

yM
(28)

The composition change during the pressure chang-
ing step follows Eq. (5). By solving the equations,
the co-current depressurization pressure at which the
complete shock reaches the product end can be found

9M

9H
= Yyf + Y1/β(1− yf) (29)

It is noted from Eq. (29) that9M is determined by
the position of the complete shock after the high
pressure adsorption step. That is to say, the amount
of light component produced during the co-current
depressurization step is related to the amount of feed
introduced during the high pressure adsorption step

and the extent of purge. Reducing the amount of
feed at the constant extent of purge, one can get a
greater amount of light component during the co-
current depressurization step.

Case II.This occurs whenYS ≤ 1 andα < αS. Be-
causeYI is not larger than 1, a complete shock forms
within the column at pressure9I . In this case, fur-
ther co-current depressurization can be performed
to recover valuable light component like Case I. The
lowest co-current depressurization pressure ensur-
ing pure light component product is given similarly
to Eq. (29)

9M

9I
= YI yI + Y1/β

I (1− yI) (30)

Case III.This also occurs whenYS ≤ 1 andα < αS.
But, becauseYI > 1, the heavy component breaks
through the column before it makes a complete
shock. Therefore, to recover the pure light com-
ponent as product, the co-current depressurization
step has to be stopped when the composition of
y = 0 arrives at the product end. The co-current
depressurization pressure at which the composition
of y = 0 reaches the product end is obtained by
equatingz|y=0 = L from Eq. (23).

9M =
[
(1− X)9−βH + {1+ (β − 1)yf}α

]1/β
9H

(31)

The gas phase composition at the end of the co-
current depressurization step can be obtained by in-
tegrating the characteristic equations. But, that is not
necessary for our purpose. It is obvious that the con-
centration profile does not match to the initial con-
dition for the blowdown step assumed: uniform gas
phase composition in the column (see Section 3.1).
Therefore, to know the process performance of this
case, more number of cycle have to be analyzed with
the given extent of purge and amount of feed until
the concentration profiles at each step approaches
the cyclic steady state.

We will analyze the second cycle and extend it
to the whole cycle. After the first cycle has been
finished, we have the concentration profile at the end
of the co-current depressurization step as schemati-
cally shown in Fig. 4. During the blowdown step at
the second cycle, the position of compositiony = 0
does not change because the characteristic velocity
is zero there. After the purge step, the composition
of y= 0 will be located atL(1− X) at a fixed extent
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Figure 4. The schematic diagram showing concentration profiles:
(a) at the end of the co-current depressurization step and (b) at the
end of backfill step with the cycle number whenα < αS,YI > 1.

of purge,X, because characteristic velocity and ini-
tial position of composition ofy = 0 are the same
as those at the first cycle. Except the composition
of y = 0, all the other composition shifts to feed
end compared to the first cycle because the ini-
tial position of those are closer to the feed end
at the second cycle than at the first cycle. Conse-
quently, the composition at fixed position of the
column after the blowdown and purge steps is lower
than that of the first cycle. When the backfill step
is finished, the position of composition ofy = 0
is given by Eq. (16), i.e., the same as that at the
first cycle. The moles needed to backfill the col-
umn is also the same as the first cycle and given by
Eq. (14) regardless of the concentration profile. The
position of the compositiony = 0 at the end of the
high pressure adsorption is also the same as that at
the first cycle since the characteristic velocity and the
initial position are the same as the first cycle. On the
other hand, the position of a shock developing during
the high pressure adsorption step shifts to the feed
end because the average velocity of the shock front
is lower than those at the first cycle. In other words, a
complete shock does not develop at the second cycle
if the operating conditions are fixed. The light com-
ponent produced during this step is given by Eq. (18),
i.e., the same as the first cycle. If the pressure is re-
duced toPM, the composition ofy = 0 will just
arrive at the product end and the composition at the
fixed position of the column is lower than that of the
first cycle. The moles of light component produced
during this sep is given by the Eqs. (26) and (31),
and does not depend on the concentration profile.
Through the second cycle, the moles of light compo-
nent produced or consumed at each step is the same

as the first cycle even though the concentration pro-
file is different from the first cycle. The moles of light
component produced or consumed at the third cycle
also will be the same as those at the first cycle. As the
cycle number increases, the concentration profiles at
the backfill and the co-current depressurization steps
will approach cyclic steady state as schematically
illustrated in Fig. 4 without the change of the moles
of the light component produced or consumed at
each step. Thus, we can obtain the performance for
this case from the first cycle’s operating conditions.

Cases IV and V.These cases are essentially the same
as the Cases II and III, respectively, except a com-
plete shock does not form at the end of the high pres-
sure adsorption step sinceYS > 1. The two cases are
classified depending on whether a complete shock
forms at the co-current depressurization step, which
is determined by the value ofYI . The same as the
Cases II and III,YI could be obtained from Eqs. (22),
(24), and (25). IfYI > 1, it corresponds to Case V.
The co-current depressurization pressures which en-
sure a pure light component for Case IV and V are
obtained with Eqs. (28) and (29), respectively.

3.5. Process Performance

The recovery of light component is defined as

R= NHP+ NCD− NBF− NPU

(1− yf)NH
(32)

From Eqs. (12), (14), (17), and (18),NPU, NBF, NH,
NHP are obtained, respectively. The moles of light
component produced during the co-current depressur-
ization step,NCD, is given by Eq. (24).NCD is propor-
tional to the pressure difference between the adsorption
pressure and co-current depressurization pressure. The
co-current depressurization pressure is obtained from
Eqs. (29)–(31) depending on the operation condition
and determined by the extent of purge and the amount of
feed at given values ofyf, β, and9H. Thus, the recov-
ery of the process could be represented by the extent of
purge and amount of feed. Equations (29)–(31) define
the relations among the three operating variables,
extent of purge, amount of feed and co-current depres-
surization pressure, at given values ofyf, β, and9H.
Therefore, if two of them are specified, the other one is
obtained. As a result, the performance of the process
also could be represented by the extent of purge and the
co-current depressurization pressure. The advantage of
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using the extent of purge and co-current depressuriza-
tion pressure as independent variables is that they can
be used directly in designing or scheduling a multi-bed
PSA process. The light component produced during
the co-current depressurization step is utilized to re-
pressurize or purge the other column in the multi-bed
PSA process. The number of the pressure equalization
step and the extent of purge when the effluent of the
co-current depressurization step is used to purge the
other column, depends on how large quantity of light
component from the co-current depressurization step is
available. Thus, if one specifies the co-current depres-
surization pressure, one can decide how many pres-
sure equalization steps can be included and how much
quantity of purge gas is available. Moreover, since
the number of pressure equalization steps can be per-
formed depends on the number of columns employed,
one can decide the number of columns necessary.

The other quantity characterizing the performance of
a PSA process is the productivity which is defined as
the net amount of light component produced per unit
time length. Since the cycle time cannot be implied
in an analytical solution, the throughput,T , related to
the productivity is defined as the net amount of light
component produced per cycle.

T = NHP+ NCD− NBF− NPU (33)

The productivity is the throughput divided by the cycle
time. At this point, the relation between the produc-
tivity and the throughput in the multi-bed PSA process
should be mentioned. The cycle time is freely set in
the single column PSA process, but not in the multi-
bed PSA process for the continuous production. If a
single column is engaged in the high pressure adsorp-
tion step in the multi-bed PSA process, the number of
column times the high pressure adsorption step time
must be equal to the cycle time for continuous produc-
tion. The cycle time is the sum of the duration of all
the steps constituting the cycle.

nbed · tAD = tcycle= tAD + tCD+ tBD + tPU+ tBF

(34)

If the instantaneous equilibrium is sustained, it is better
to keep the cycle time as short as possible in view of
the productivity. But, due to flow resistance, the time
required to backfill or depressurize the column can’t be
shortened below a certain time. If we let the minimum
time required to execute all the steps except the high

pressure adsorption step betmin, the cycle time could
be represented as follows

tcycle= nbed

nbed− 1
tmin (35)

Thus, the productivity of the PSA process depends on
the number of columns employed. When the number
of columns employed is the same between processes,
the throughput could be used as an indication of the
productivity of each process.

4. Results and discussion

4.1. Process Performance at Base System
(yf : 0.4,β: 0.1,9H: 25)

Figure 5 shows the contour maps of the light compo-
nent recovery and throughput for the case when the
feed composition,yf , is 0.4,β is 0.1, and the pressure
ratio,9H, is 25. The extent of purge and co-current de-
pressurization pressure are the independent variables
as shown in Fig. 5.Xmin of this system was 0.01 so
that the analysis was performed atX ≥ 0.01. The crit-
ical extent of purge,Xc, at which a complete shock
first forms at product end at the end of the adsorption
step can be found from Eqs. (19) and (21). For this
case,Xc was 0.49 and this value is the minimum extent
of purge above which the prior models can be applied.
When the extent of purge,X, is larger than 0.49, a com-
plete shock forms at the high pressure adsorption step
if a sufficient amount of feed is introduced(α > αS,
Case I). Even if the feed amount introduced is less than
αS, a complete shock may form during the co-current
depressurization step (Case II). Before mentioned, the
Case II happens when one reduces the amount of feed
to get more light component at the co-current depres-
surization step and to diminish the blowdown loss. As
shown in Fig. 5(a), the recovery is increased by reduc-
ing the co-current depressurization pressure unless the
pressure is over reduced. For this system, Case III is
not observed. When the extent of purge is large, it is
easier for the concentration profile to have a complete
shock transition. Comparing Cases II and III to Case
IV, the extent of purge of Case IV is smaller than that
of Cases II and III. If a complete shock forms at the
end of the co-current depressurization step at the lower
extent of purge (Case IV), then there always appears a
complete shock at the higher extent of purge i.e., Case
III never occurs. For both Cases I and II, the recovery
has a maximum value at a given extent of purge.
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Figure 5. Performance maps for base case(β: 0.1, yf : 0.4, 9H: 25), (a) recovery, (b) throughput. (•: Xopt; —: Optimum co-current
depressurization pressure given by Eq. (42)).

When purge extent is less than 0.49, a complete
shock never forms during the high pressure adsorption
step but may develop during the co-current depressur-
ization step. The upper region at this extent of purge
corresponds to the situation that no complete shock
appears in the whole cycle (Case V). But, a complete
shock appears during the co-current depressurization
step at lower region (Case IV). Depending on whether a
complete shock forms or not before the blowdown step,
the recovery of the process shows a different behavior.
When a complete shock forms (Case IV), the recovery
shows similar behavior to the Cases I and II. On the
other hand, the recovery decreases with the decrease
of purge quantity for Case V. In summary, the recov-
ery map can be divided into two regions according to
whether a complete shock forms or not before the blow-
down step. Crossing over the boundary between Cases
I, II, and IV, there is no sharp change in the recovery
even though the concentration profile developing at the
high pressure adsorption and co-current depressuriza-
tion steps is different from each other. This is because
the concentration profile at the end of the co-current
depressurization step develops to a complete shock at
all cases.

The recovery could be represented with respect to
average composition of the heavy component in waste
streams (blowdown and purge effluent). Feed mixture
introduced is divided into two streams such as waste

and product. From the material balance for the light
component, the recovery is represented as follows.

R= (1− yf)NH − (1− ȳW)NW

(1− yf)NH
(36)

whereȳW, NW is the average composition of the heavy
component in the waste stream and moles of waste
stream, respectively. Since only the pure light compo-
nent is assumed as product

NW = yf

ȳW
NH (37)

Therefore, the recovery is represented as follows

R= 1− yf

1− yf

(
1

ȳW
− 1

)
(38)

From Eq. (38), it is clear that the recovery increases
as the average composition of heavy component in the
waste stream increases. When a complete shock forms
before the blowdown step, the total moles leaving the
column during the blowdown and purge steps are given,
respectively.

VBD = φ[9M yM − yb] + φβ[9M(1− yM)− (1− yb)]

(39)

VPU = φ[yb−WA] + φ[X − β(yb−WA)] (40)
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The first terms of two equations represent the moles of
the heavy component leaving the column and the sec-
ond terms represent the moles of the light component.
Equations (39) and (40) don’t discriminate at which
step a complete shock first forms. From Eqs. (38)–(40),
the recovery for the Cases I, II, and IV is

R= 1− yf

1− yf

(
βWA −β + X + β9M − β9M yM

9M yM −WA

)
(41)

Equation (41) can be applied whenever a complete
shock forms before the blowdown step. If the column
has a uniform composition ofyb after the blowdown
step, the average composition of heavy component of
purge effluent isyb whenX ≤ Xmin and then decreases
as the purge quantity increases. As a result, the aver-
age composition of heavy component of purge effluent
is much lower thanyb when the column is completely
purged. On the other hand, the composition of the blow-
down effluent approachesyb as the co-current depres-
surization pressure approachesPL and decreases with
the increase of the co-current depressurization pres-
sure. Thus, at complete purge, the average composition
of the heavy component in the waste stream is increased
by adding the blowdown effluent when the co-current
depressurization pressure is near toPL. But, since the
composition of the heavy component in the blowdown
effluent decreases with the increase of9M, there ap-
pears a pressure at which the composition of the heavy
component in the blowdown effluent at the pressure is
equal to the average composition of the heavy com-
ponent in the waste stream. Above this pressure, the
average composition of the heavy component in the
waste stream begins to decrease. This is why an op-
timum co-current depressurization pressure appears at
a given extent of purge. The optimum co-current de-
pressurization pressure could be found from Eq. (41)
by putting ∂R

∂9M
= 0

(β − 1)
(1− yM)yM

1+ (β − 1)yM
(β − X − β9M)

+ yM(β − X)− βWA = 0 (42)

The optimum co-current depressurization pressure
with the extent of purge is also shown in Fig. 5(a).
As shown in the Fig. 5(a), the optimum co-current de-
pressurization pressure decreases as the extent of purge
decreases. It is noted that the optimum co-current de-
pressurization pressure appears at the boundary bet-
ween the Cases IV and V belowXopt.

The throughput is also given in Fig. 5(b). The value
on the line represents the dimensionless throughput
(T/φ). The throughput map is divided into two distinct
regions according to whether a complete shock forms
or not after the co-current depressurization step. In the
region where a complete shock forms before the blow-
down step, the throughput almost remains constant
along the constant9M line, however, crossing over the
boundary, the throughput begins to decrease. Going
along the constantX line in Case V, the throughput
almost remains constant. Seeing together the recovery
and the throughput maps, the maximum throughput at
the fixed recovery or the maximum recovery at fixed
throughput appears on the boundary between Cases IV
and V. It is also noted that the throughput is almost the
same but the recovery becomes high with the decrease
of purge quantity along the line representing the op-
timum co-current depressurization pressure when it is
in the region that a complete shock forms before the
blowdown step. The recovery is improved slightly by
reducing the purge quantity even belowXopt, but the
throughput decreases rapidly belowXopt. Thus, it is
better to operate the PSA process atXopt and the corre-
sponding optimum9M. This implies that the number of
pressure equalization steps and the number of columns
has a limitation on a highly selective adsorbent.

4.2. Effect of Adsorbent Selectivity and Feed
Composition on Process Performance

To investigate the effect of adsorbent selectivity, two
different values of selectivity were examined. Small
value of β means good selectivity by its definition
and easy separation of the feed mixture. But, asβ

decreases, the concentration profile after the purge step
gets broader so that the critical extent of purge,Xc =
0.58 atβ = 0.01 in Fig. 6, becomes large compared to
the base system as shown in Fig. 5. The optimum co-
current depressurization pressure is close to the partial
pressure of the heavy component in the feed mixture.
The change of optimum co-current depressurization
pressure with the decrease of the purge quantity in
the highly selective adsorbent is smaller than that in
a less selective adsorbent. For this highly selective ad-
sorbent, there also appears an extent of purge,Xopt,
below which the recovery does not change to a great
extent while the throughput decreases rapidly. If the
extent of purge is reduced exceedingXopt, the opti-
mum co-current depressurization pressure appears on
the boundary between a complete shock forming re-
gion and non forming region. The effect of co-current
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Figure 6. Performance maps forβ: 0.01,yf : 0.4,9H: 25, (a) recovery, (b) throughput. (•: Xopt; —: Optimum co-current depressurization
pressure given by Eq. (42)).

Figure 7. Performance maps forβ: 0.3, yf : 0.4,9H: 25, (a) recovery, (b) throughput. (—: Optimum co-current depressurization pressure
given by Eq. (42)).

depressurization step on the recovery is less signifi-
cant for a highly selective adsorbent than that for the
base system. The increase of the recovery with the
co-current depressurization pressure is less than 1% as
shown in Fig. 6(a). Thus, as the selectivity increases,
a four step process which is operated without the co-
current depressurization step can be an alternative to the

five step process since it requires less columns and sim-
pler operation. Another merit of the four step process is
the large throughput as shown in Fig. 6(b). The largest
throughput is obtained when the process is operated
without the co-current depressurization step, i.e., at the
four step process. The maximum throughput at the fixed
recovery appears at the boundary between Case IV and
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Figure 8. Performance maps forβ: 0.1, yf : 0.2,9H: 25, (a) recovery, (b) throughput. (•: Xopt; —: Optimum co-current depressurization
pressure given by Eq. (42)).

Case V like the base system. Whenβ is 0.3, the re-
gion where a complete shock forms during adsorption
drastically increases as shown in Fig. 7. The optimum
co-current depressurization pressure decreases to the
lowest system pressure as the purge quantity decreases.
As the purge quantity decreases, the optimum recovery
increases at the expense of the throughput. But, dif-
ferent from the highly selective adsorbent, there is no
extent of purge below which the recovery is improved
slightly while the throughput decreases rapidly. The
co-current depressurization step takes a more impor-
tant role in improving the recovery at a less selective
adsorbent as shown in Figs. 5–7.

When the feed concentration of the heavy compo-
nent is lowered, the critical extent of purge increases
as shown in Fig. 8. This is because the self-sharpening
effect of a concentration profile is not great. Compared
to the case that the feed composition of the heavy com-
ponent is high, the recovery is low but the throughput is
high. Like the base system, there is an extent of purge
below that the recovery is not improved to a great extent
but the throughput decreases rapidly.

5. Conclusion

The performance characteristics of the five-step PSA
cycles were analyzed with a equilibrium model as-
suming isothermal and uncoupled linear isotherms in
a broader range of an operational range. Among the
steps, the co-current depressurization pressure has its

significance in designing the multi-bed PSA process
since the number of pressure equalization steps can be
executed is determined after the pressure isspecified.
Therefore, the process performance was characterized
with the purge quantity and co-current depressurization
pressure. With the present model, the performance
maps from a wide range of operating conditions were
obtained. Depending on the operating conditions, the
recovery and throughput maps can be divided into
two regions: a complete shock forming region and
non-forming region before the blowdown step. The
throughput at a fixed recovery or the recovery at a
fixed throughput have their maximum on the boundary
between a complete shock forming region and non-
forming region when the selectivity is high. In the
region where a complete shock forms, the recovery
increases as the purge quantity decreases at constant
9M and has a maximum value at a9M when the
extent of purge is constant. On a highly selective
adsorbent, this optimum co-current depressurization
pressure is close to the partial pressure of the heavy
component in the feed mixture. As the purge quantity
decreases, the optimum co-current depressurization
pressure decreases. There is an extent of purge be-
low which the recovery is not greatly improved while
the throughput decreases rapidly on a highly selective
adsorbent. Thus, the number of pressure equalization
steps can be performed is restricted on the highly se-
lective adsorbent. When the selectivity is low, a com-
plete shock forms before the blowdown step in almost



258 Park et al.

all the operating conditions. The optimum co-current
depressurization pressure which maximizes the recov-
ery at the constant extent of purge decreases to the
lowest system pressure as the purge quantity decreases
without much sacrifice of the throughput. The recov-
ery improvement caused by co-current depressuriza-
tion is much higher in a less selective adsorbent than in
a highly selective adsorbent. If the composition of the
heavy component in the feed mixture is lowered, the re-
covery becomes low but the throughput becomes high.

Nomenclature

A cross section area of the adsorption bed
ki Henry’s constant for the adsorption of compo-

nenti
nbed the number of bed employed in the process
ni moles of componenti adsorbed per unit column

volume
NBF the amount of light component used to backfill

a column fromPL to PH

NCD the amount of light component produced during
the co-current depressurization step

NH the amount of feed mixture introduced to the
bed

NHP the amount of light component produced at high
pressure adsorption step

NPU the amount of light component employed in the
purge step

NW the moles of waste stream
PH the adsorption pressure
Pi partial pressure of componenti
PI the pressure where a complete shock first forms

at the co-current depressurization step
PL the lowest column pressure of the cycle
PM the pressure of the column after co-current

depressurization
R recovery
t time
tAD the duration of high pressure adsorption step
tBD the duration of the blowdown step
tBF the duration of the backfill step
tCD the duration of the co-current depressurization

step
tcycle the cycle time
tmin the minimum time required to execute the rest

of the steps except the high pressure adsorption
step

tPU the duration of purge step
T throughput

u interstitial velocity
VBD the quantity of gas vented in the blowdown step
VPU the quantity of gas vented in the purge step
WA defined in Eq. (13)
X the extent of purge
Xc the critical extent of purge required so that a

complete shock forms first at the product end
at the end of the adsorption step.

Xmin the minimum extent of purge
Xopt the minimum extent of purge above which the

optimum co-current depressurization pressure
given by Eq. (42) appears

y mole fraction of component A in the gas phase
yb mole fraction of component A in the gas phase

after blowdown step
yf composition of the feed mixture
yI composition of the gas phase after a complete

shock first forms during co-current depressuri-
zation step

yM composition of the gas phase after co-current
depressurization step

ȳW average composition of heavy component in
waste stream

Y the position of a complete shock at the end of
high pressure adsorption step

YI the position where a complete shock first forms
during co-current depressurization step

YS the position where a complete shock first forms
during high pressure adsorption step

z distance along the length of the column

Greek Symbols

α fractional utilization of a bed defined in Eq. (17)
αS fractional utilization of a bed when a complete

shock first forms in the bed
β βA/βB

βi 1/[1+ (1− ε)ki /ε]
ε void fraction of the column
φ εAPL/RTβA

9H PH/PL

9I PI/PL

9M PM/PL
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